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Third-Order Nonoscillatory Schemes for the Euler Equations

J.Y. Yang*
National Taiwan University, Taipei, Taiwan 10764, Republic of China

Two time-level third-order finite-difference shock-capturing schemes based on applying the characteristic flux
difference splitting to a modified flux that may have high-order accuracy and either monotonicity preserving or
essentially nonoscillatory (ENO) property have been developed for the Euler equations of gas dynamics. Two
ways to achieve high-order accuracy are described. One is based on upstream interpolation using Lagrange’s
formula with van Leer’s smoothness monitors. The other is based on ENO interpolation using reconstruction via
primitive function approaches. For multidimensional problems, dimensional splitting is adopted for explicit
schemes, and standard alternating direction implicit approximate factorization procedures are used for implicit
schemes. Numerical examples to illustrate the performance of the proposed schemes are given.

I. Introduction

ERY recently, a new class of uniformly high-order accu-

rate, essentially nonoscillatory (ENO) schemes has been
developed by Harten and Osher,! Harten,? and Harten et al.>#
They presented a hierarchy of uniformly high-order accurate
schemes that generalize Godunov’s scheme’ and its second-
order accurate MUSCL extension®’ and total variation dimin-
ishing (TVD) schemes®? to an arbitrary order of accuracy.

In contrast to the earlier second-order TVD schemes that
drop to first-order accuracy at local extrema and maintain
second-order accuracy in smooth regions, the new ENO
schemes are uniformly high-order accurate throughout, even
at critical points.

Theoretical results for the scalar coefficient case and numer-
ical results for the scalar conservation law and for the one-di-
mensional Euler equations of gas dynamics have been re-
ported with highly accurate results. Preliminary resuits for
two-dimensional problems were reported in Ref. 2.

In this paper, following van Leer,'®!! Harten,? and Harten
et al.3* we describe a class of third-order, essentially nonoscil-
latory shock-capturing schemes for the Euler equations of gas
dynamics. These schemes are obtained by applying the charac-
teristic flux-difference splitting to an appropriately modified
flux vector that may have high-order accuracy and nonoscilla-
tory property. Third-order schemes are constructed using up-
stream interpolation and ENO interpolation. Both explicit and
implicit schemes are derived. Implicit schemes for two-dimen-
sional Euler equations in general coordinates are also given.

We apply the resulting schemes to simulate one-dimensional
and two-dimensional unsteady shock tube flows and steady
two-dimensional flows involving strong shocks to illustrate the
performance of the schemes. In Sec. II, characteristic proper-
ties of the Euler equations related to the numerical advections
are briefly summarized.
~ Upstream interpolation using Lagrange’s formula to gener-

ate a class of two time-level, 2p + 1 space point, 2p — 1)th-
order accurate schemes is described in Sec. IIl. In particular,
a third-order scheme with smoothness monitors due to van
Leer!'? is described.

In Sec. 1V, the essentially nonoscillatory interpolation of
Harten? and Harten et al.>* using reconstruction via primitive
function approach is employed to yield a third-order nonoscil-
latory scheme.
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In Sec. V, schemes for two-dimensional Euler equations in
general coordinates are outlined. Both explicit schemes for
time-dependent problems and implicit schemes for steady-
state calculations are given. .

Numerical experiments with the proposed third-order
schemes for solving several gasdynamic problems are pre-
sented in Sec. VI. Conclusions are given in Sec. VII.

II. Euler Equations of Gas Dynamics

Consider the one-dimensional Euler equations of inviscid
gasdynamics in conservation law form

9.0 +8.F(Q)=0 M

where @ = (o, pu, €)7 is the conservative state vector and
F = [pu, pu?+p, u(e + p)I7 the flux vector. Here p is the
fluid density, u the fluid velocity, p the fluid pressure, and e
the total internal energy. For a perfect gas, the pressure is
related to other fluid properties by the equation of state p =
(y — 1)}(e — pu?/2), where v is the ratio of specific heats.
Equation (1) can be expressed in quasilinear form as

8,0 +A(Q)0,Q =0 #))
where A is the Jacobian matrix dF/3Q . Due to the hyperbolic-
ity of Eq. (1), flux Jacobian matrix A has real eigenvalues

a=u, ;=u+c, ;3=u—¢ 3)
where ¢ = Vyp/p is the sound speed. The corresponding right
eigenvectors are

n(@)= [l,u,yﬂ T, Q) =§[1,u +c¢,H +ucl”

Q) = —zﬁc[l,u —¢,H — uc|” @

Here H = (e + p)/p = ¢%/(y — 1) + Y2u? is the enthalpy. We
first form the matrix 7, the columns of which are right eigen-
vectors in Eq. (4)

T(Q) = [n(2),rAQ),r3:(2)]

and then define /. (Q) to be the kth row in T !, the inverse of
T(Q). We have

Yo=Y —g-nt
2027 PO c?

@)= {1—(7— 1)
1 u?

L) =—-[(7 -1 —=——uc,c —(y—Du, (y - l)]
pC 2

1 u?
Q) =“—[(’Y -7, = (y— Du,(y - 1)] )
pC 2
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It then follows that v
A =TAT"!, A = diag{a,} 6)

and Eq. (2) can be put in the following characteristic form:
T-9,0Q0+AT19,0=0 ™)
For the purpose of analysis, we assume that the coefficient
matrix A is ‘“frozen,”’ that is, constant. By virtue of Eqs. (6)

and (7), one can define a characteristic variable V = (v, v,,
v3)T = T~ 'Q and transform Eq. (7) to the uncoupled system:

o, +a;d,v; =0, 1=1,2,3 (8)
and
dx
=0 al —_—= 9
dv, along ar a ®

Define a uniform computational mesh {x;,#"}, with mesh size
Ax and At. The discrete representation of v(x,#) on the mesh
is v', and A= Ax/At¢ is the mesh ratio. Suppose that the
values v/ at time level ¢ = nAf are known and we want to
calculate new values at time level ¢ = (n + 1)At.

In Fig. 1, leaving point P at (x;, t"*!), one can draw three
curves and intersect line t = nAf at Py, P, , and P_ and

JAx — x(P)) = a,At 10)
v,"’j“ —-Vv'(P)=0 (11)

Define the Courant number

0, = a;At/Ax (12)

then
x(P)=( - o)Ax 13)
Vi =V, a4

where v/; _, is an approximation for v,[(j — 0/)Ax, nAf].

Equation (14) merely expresses the fact that v; is invariant
along its characteristics, i.e., Eq. (9). Since the values of v; _,
are not given, one must express it in terms of known values
given at the nodal points by some interpolation. Also, the
locations of points P, are determined by their characteristics;
this kind of interpolation is upwind biased and is generally
referred to as upstream interpolation. It is also noted that
depending on the number of nodal points (stencil) used, arbi-
trary high order of accuracy can be achieved.

III. Upstream Interpolation and Numerical
Advections.

In the present section, Lagrange’s interpolation formula is
employed to generate a class of explicit two time-level, 2p + 1

P

t=(n+1)At

t =nAt .
P_ Py P,

I(PI) = (] — o)Az
Fig. 1 Solution of the characteristic equation on a coordinate grid.
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space-point, (2p — 1)th-order accurate conservative upwind
schemes. For simplicity, we drop the index / and consider
single equation

vitt=vyt, (15)

Using Lagrange’s interpolation formula with equal points on
each side of point j — ¢ (see Fig. 2), we have

d Le (—o+][o])
[ ~ = 2Rr 16
v]—o g:p (l—m) J—lol-m ( )

+1i=2p%1
i=m

Here [o] is the largest integer not exceeding o. The class of
schemes defined by Eq. (16) are stable for

lo| <1 a7

For0=<o=1, [0]=0, and for —1=<0=<0, [o]= — 1. (See
Ref. 12 and the references cited there.)

For example, for p = 1, i.e., we approximate v/"_, by linear
interpolation along the line # = nA¢, then we have the first-or-
der scheme
n+1

4 =y_,= Vi~ (0 = [eDV/- 1) —~ V-1 (18)

For |o| < 1 this becomes the Courant-Isaacson-Rees method!3

VP =y~ N TA_V — N ALY 19)
~where
a*t = @+ a)) +21a|) = max(a,0)
- = (“——ZM) = min(a,0) 20
and

A v = = -V
For system Eq. (2), this is easily generalized to

O/t =0 —NTUA_QF - N AL OF @n

" where

A* =T diag (a,*)T! (22)

Several schemes constructed based on Eq. (21) with shock
fitting can be found in a recent review given by Moretti.'

If Roe’s average is employed to compute A4;% 4, then one
has the Roe scheme.!® Similarly, for the Eq. (1)

Qrt' =Q — N yA_F — A;5 AL F (23)

where
A* = Tdiag(a*)T"", afF = %(1 + sgna,) 4

n+1
Y;

t=(n+1)At

+1 _ .n
v]'.' =vr_,
t = nit . " n "
i-lol<1  Vi-e Y- o) Vi-lol+s

Fig. 2 Upstream interpolation.
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The scheme defined by Eq. (29) can be considered as the
first-order upwind method for the following:

30 +(A* +A)F(Q)=0 25)

It is noted that A * + A - = I and symbolically A * can be
viewed as “A */4.”

For pseudo-unsteady Euler equations, the scheme defined
by Eq. (23) turns out to be identical to the first-order upwind
scheme given by Huang.!¢

For p =2, Eq. (16) becomes

o — [d]
Vit = v — 6 RO+ 1= Vo) + SO — Voo - 1)
/T B Y|
(o — [a])?
+ & B 1= Vo) =30 = V- D]

(o~ [o1),, ., R . "
- '_6_[(Vj e+t = Vo) = 200 — Ve - )

Vo1 = Ve -2 26

which for |e¢| < 1 is the “QUICKEST”’ method of Leonard.!?
For the purpose of the present framework, we further put
Eq. (26) into the following form:

vl = v — (0~ [o)A_ V-

SOty (236 lo) + (0 - o)AV

+ 1= (o= o)A 4 v/ 5~ 1} 27N

Following the same procedure and using high-order interpola-
tion formula, we can generate a class of high-order accurate,
conservative schemes for Eq. (1). Unfortunately, it is well
known that oscillatory solutions are usually obtained and
eventually lead to numerical instability. Artificial viscosity is
generally introduced to a high-order scheme to yield stable
solutions.

In recent years, total variation diminishing schemes using
flux limiters have been devised for second-order schemes to
control such oscillations and yield sharp profiles around dis-
continuities. Such schemes include van Leer’s MUSCL
scheme, Harten’s TVD schemes, and others. A systematic
study has been carried out in Ref. 18. The TVD schemes are
high-order accurate everywhere except at local extrema where
they necessarily degenerate into first-order accuracy (see Refs.
6, 8, 9, and 15).

In Ref. 19, second- and third-order upwind schemes have
been described based on Eq. (16). It was found that such
high-order schemes can be constructed for Eq. (25) by using a
more accurate flux representation (in the discrete sense) at
each nodal point. We have taken such an approach following
Harten’s work® in which he applied a three-point first-order
upwind scheme to a modified flux to yield a second-order
TVD scheme. Therefore we call it the modified flux approach.

We consider a high-order extension of Eq. (25) as follows:

30 +A* +A)FMQ)=0 28)

Here FJM is called the modified flux vector at nodal point j and
is consisted of the original flux vector F; and additional terms
of high-order accuracy that usually have some nonlinear con-
trol terms to avoid oscillatory solutions. We shall describe
several such modified flux vectors to yield different nonoscil-
latory high-resolution shock-capturing schemes based on Eq.
(28).
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In terms of numerical flux, a conservative scheme for Eq.
(28) can be expressed as
Pl =QF —NFN - FY ) 29

J

and the numerical flux F}% ,, is given by

FN=F -A% A F=FM+ A7 A, F" (30

J

In this paper all schemes will be given in the form of Eq. (30)
with appropriate definition of FM for each scheme. We shall
consider third-order total variation diminishing and essentially
nonoscillatory schemes and term them as TVD3 and UNO3,
depending on the type of nonlinear limiters used.

A third-order scheme for Eq. (28) based on Eq. (27) can be
expressed in terms of numerical flux of the form Eq. (30) with

FM =FY® =F + Df €}))
The components of D; are given by

df =1 — SO, + [1 + SONIE]_ v (32)

where d/, ,; and d', ,, are components of D;, ,, and D;,
given, respectively, by

D= sgnA;j. N4, 4> —3NA4; 4] +2DA,F;/6
(33

Dyy s =sgnd; s - N4, xDALE/6 (34

and S(8?) is the smoothness monitor given by van Leer!? as
S(Oj’-) =0, if IA+qj’| + lA_qj[l =0

1A, g/~ 1A_qj] .
= |A+qj’l Al otherwise (35
where q,‘ are components of the conservative state vector Q;.

Without smoothness monitors and for the scalar wave equa-
tion, schemes defined by Eq. (31) reduce to Eq. (27). We refer
to the schemes defined by Eq. (31) as TVD3.

It is noted that in the present framework the difference
operators are always operated on flux vector F instead of the
conservative state vector Q such as Egs. (33) and (34). It is well
known that Fis a function one order smoother than that of @
for the Euler equations, e.g., across a shock, F is continuous
and @ is discontinuous.

IV. Essentially Nonoscillatory Schemes

Most recently, Harten and Osher! introduced a new class of
nonoscillatory schemes that are of uniformly high-order accu-
racy. Unlike TVD schemes, nonoscillatory schemes are not
required to damp the values of each local extremum at every
single time step but are allowed to occasionally accentuate a
local extremum.

The design involves an essentially nonoscillatory piecework
polynomial reconstruction of the solution from its cell aver-
ages, time evolution through an approximate solution of the
resulting initial value problem, and averaging of this approxi-
mate solution over each cell. For further details, the reader is
encouraged to read the original papers, Refs. 1-4.

Essentially Nonoscillatory Interpolation

For illustration purposes, we first consider the following
scalar wave equation:

ou+ad,u=0,a>0 (36)
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Using reconstruction via the primitive function (RP) ap-
proach and for N = 3, one has a numerical scheme

1-—
vitl =yl — A _V] — oA [( 5 0>m(A_vj", A+v,-")]

_UA_[(2—30+02)

. m(A_A_vj",A_A+vj")]

if |A_V|=]A v

— oA _ [("26_ D mA_A Ve, A+A+v,~")}

if |A_v]|>]A v} 37N

For the purposes of the present framework, one can further
put Eq. (37) into the following form:

vjn+1 - vjn —OA_Vj" —6A _ {ml:<1_;_q>A_vjn’
(5
2 2 2-3 ?
_GA_m[A_<——3g+0>A_v,~",A_<———g+a>A+Vj"B

if |A_v|=|A v

2 —_
_ oA_ﬁl[A_ <° c 1)A+vj?7,A+ (02_61>A+vj"]

it |A_VE> ALV (38)

In Eq. (37), m is the minmod function defined by
m(a,b) = s min(la|,b]), if sgna =sgnb=s

=0, otherwise 39

and /m function is defined by
m(a,b)y=a, if |a|=<|b|
=b, if |a|>|b| (40)

Again, we have quantities like (2 -3¢+ ¢)A_Vv/'/6 and
(6> — )A_v//6 as the building elements, and the limiting
functions are operating on such quantities. The generalization
to nonlinear systems is rather straightforward.

A third-order ENO scheme for Eq. (28) can be constructed
using RP and N = 3 based on Eq. (38). Here

FM =FN —F, L F, + D; (41)

and E and D are the terms that make up for the higher order
accuracy that also demands either the TVD or the ENO prop-
erty to avoid Gibbs phenomena.

In Eq. (41) the components of column vector E; are given by

/ 50 5l
ej =mlé;, € _ ] 42)
where &/, ,, are given by

B,y =sgnd;, u( — NADA,F;/2 43)

And the components of column vector D; are given by

d=mla_d _,A.d_,] i |A_ug'l<|4.uq!|
(44a)
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or
df =mlA_dfs .8, dfenl i 1A 4q'|> 4. 4q"|
(44b)

where d}, , and d/, ,, are components of D;, ,, and D, ,,
resgectively. ~
D is given by Eq. (33) and D is given by

Dj. = sgnd;, y(N|A4;, x|>— DA, F;/6 45)

The relationship between Eq. (41) and the scheme defined
by Eq. (37) can be clearly seen by examining the scalar con-
stant coefficient case of Eq. (36).

V. Euler Equations in General Coordinates

We consider the conservation equations of the two-dimen-
sional unsteady gasdynamics in general coordinates (£,7)

0,0+ F+03,G=0 (46)

where Q =Q/J,F = (£,0 + &F + £,6)/1;G = 0 Q + n, F +
G/ J =&, — £yn,, the metric Jacobian; Q = (p, pu,
ov, e)T is the conservative variables vector; and F = [pu,
pu?+p, puv, u(e+p)” and &=[pv, puv, pv:i+p,
v(e + p)I7 are the flux vectors. Here p is the fluid density, u
and v are velocity components in x and y direction, e is the
total internal energy, and p is the pressure and is related to
other variables by p = (y — 1) [e — p(#? + v?)/2] where v is the
ratio of specific heats.

The Jacobian coefficient matrices A; = 9F/3Q and B, =
G /3Q of the transformed equations have real eigenvalues

a=U,e=U+c,a3=U,a,=U —¢;
b1=V, b2= Vv, b3= V+C,7, b4= V—C.,,

with U=§ +&u+&v, V=9 +9u+ny, and c;=c
\/g + fi’ where ¢ = +/yp/p is the speed of sound.

One’can also find similarity transformation matrices T
and Ty that diagonize A; and B,

Ty 'A,T; = A, = diag{a,), T, 'B,T,=A, = diag{h,}
Similar to the one-dimensional case given before, we have
3,0 + (A, + A;7)3, FM+ (B, + B, )3,GM=0 (47)

where A;* and B,* are the split normalized Jacobian coeffi-
cient matrices. They are given by

T, '"A*T,=AF =diag{a/}, a* = 2(1 =sgna)
(48a)

T, 'B*T,= A* = diag{,* }, b* =Y:(1+ sgnb)
(48b)

Again, here FM=F + E¥ + Dt and GM=G + E"+ D" are
modified fluxes. The construction procedure is exactly the
same as that for one space dimension.

Explicit Schemes

Let us define a uniform computational mesh system (&, 7¢)
with mesh sizes Af = Ay =1, and let Q] denote the value of
Q at time level nA7 and at position (A, kAn).

For explicit methods in two space dimensions, the Strang-
type dimensional splitting?® was employed.

0/ * = L(AT)L(AT)L(AT)L{(AT)Q[k 49)
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The one-dimensional L, operator is defined by

LeQfy = Qffc — AT} vk~ Ff 1) G0
with

FP e = F% = A i aye naFlk GbH
A third-order method based on using N = 3 in the RP (recon-
struction via primitive functions) can be given in the form of
Eq. (47), except that the modified flux vectors FM and G are
now expressed as

F}A}Ic =Fj + Ejgk + ka (52a)

Gji = Gl + E}; + D, (52b)
In Egs. (52a) and (52b), E}; is the same as Eq. (43), and D,
is given the same as Eqs. (44a) and (44b) in Sec. IV with

Df, i =sgnA; . (AT?|A|? ~ 3A7|A|

+ 2Dy v kB i /6
(53)

DE, e =580A; 1y (AP A) k> — DA+ 1 F/6 (54)
The components of column vector Ef « are given by
e =m[&, 1,6 _ il (55)

Similar expressions can be given for E? and D7 in the 3
direction.

For the explicit third-order scheme in two dimensions, we
_still employ the dimensional splitting. The numerical simula-
tions given in a later section indicate that such a procedure
works well.

Implicit Schemes

Implicit schemes for steady-state calculations can be consis-
tently constructed based on the explicit schemes. Following
Refs. 21 and 22, implicit methods using backward Euler in
time and approximate factorization can be given for Eq. (47).
See also Refs. 23-25.

For the modified flux F¥ in the ¢ direction, this yields

FM"*' = FM' 1 Ar(dFM/37)" + O(A1Y)
=FM + Ar(AM3Q/87)" + O(ATY)
=FM + AM(Q"+1 - Q" + O(ATY)  (56)
where AM is the modified flux Jacobian defined by AM =
AFM/3Q.
Similar expressions can be given for G in the y direction.

The implicit scheme. for Eq. (47) in ADI approximate fac-
torization form is

U +A1A% 1A AP + ATA;S kA . AYMIAQY, = RHS; ¢

(57a)
[/ + ATBj% - A _BM + A1Bj% . wA  BMAQ), = AQK
(57b)
Qi = 0O + AQ)k (57¢)
RHS;y = — Ar[F) oo — FNL k] = ATIGHc s s — Gl i)
(58)

where the numerical fluxes F}, , , and G/% . ; are given previ-
ously. The modified Jacobian matrices A = A; + dE¢/3Q
+8D*/3Q and B = B, + dE"/3Q + 3D"/3Q keep the high-
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order contribution and make the scheme more diagonally
dominant. But in practice, they are difficult to compute ana-
lytically. A simplified or linearized version is used, that is,

A=A, and BY= B, (59
Then Eqgs. (57a-57¢) become

U+ ArA* (A Ag + ATA;T 4 AL AJAQ* = RHS
(60a)

U +A7B%_,A_B,+ A1B;%, ,A,BJAQ" = AQ, (60b)

0/ =0 + AQN (60c)

Both Eqs. (57a-57¢) and Egs. (60a-60c) lead to standard
block tridiagonal inversion procedure. In the following, im-
plicit numerical results are obtained using Egs. (60a-60c).

It is noted that each added high-order term of the right-
hand side [e.g., Eq. (53) and Eq. (54)] is a function of the time
step A7, and consequently the steady-state solutions will de-
pend on the time step.

VI. Numerical Results and Discussions

Results of several numerical experiments are given in this
section to illustrate some characteristics of the present third-
order nonoscillatory schemes as applied to one-dimensional
and two-dimensional gasdynamic problems with strong
shocks. Both unsteady flow results using explicit schemes and
steady-state solutions using implicit schemes are included.

Interaction of Blast Waves

We first present numerical experiments with the preceding
two schemes for the problem of two interacting blast waves
suggested by Woodward and Colella?® as a test problem; we
refer the reader to Ref. 26 where a comprehensive comparison
of the performance of various schemes for this problem is
presented. The initial states are given by

=U,, 0=x<0.1
Ux,00 =U,, 0.1sx<09
=Ug, 09=x<l

where

pr=pu=pr=1, U =uy=ug=0

pL=10,  py=10"2,  pp=10

For comparison purposes, we also include the results obtained
using the second-order schemes TVD2 and ENO2 from Refs.
27 and 25, respectively.

Figures 3-6 indicate the computed solutions (circles) of den-
sity obtained using TVD2, TVD3, ENO2, and UNO3 schemes
with the modified flux approach. The solid line is the ‘‘exact’’
solution taken from Ref. 26. Using a uniform grid system of
J = 400 points, the CPU time required for 683 time integra-
tions to reach time ¢ = 0.038 is 87.56 s for TVD2 scheme,
106.63 s for TVD3 scheme, 99.5s for ENO2 scheme, and
158.73 s for UNO3 scheme on a Convex C-1 computer.

Here we have used Egs. (42) and (43) with both m replaced
by the minmod function m. Comparing these solutions to the
“‘exact’’ solution of Woodward and Colella, we find that all
the important features of the various interactions were cap-
tured. The ENO results represent the three contact discontinu-
ities better than the TVD results do.

Shock Wave Reflection by a Circular Cylinder
In this problem we consider a plane shock wave located

initially at a certain distance ahead of the circular cylinder that
propagates with shock Mach number M, = 2.81 toward the
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DENSITY
4.0

T T T 1
0.0 0.2 0.4 0.6 0.8 1.0

X 1=0.038

Fig. 3 Solution of one-dimensional interacting blast waves, TVD2
scheme.

DENSITY
4.0

2.0
L

0.0 0.2 0.4 0.6 0.8 1.0
X T=0.038

Fig. 4 Solution of one-dimensional interacting blast waves, ENO2
scheme.

cylinder and experiences truly nonstationary shock reflection.
A detailed study of this problem using TVD2 and ENO2
schemes has been given in Refs. 27 and 25, respectively. Here
only the UNO3 results are reported. A grid system of
361 x 101 was used. For the UNO3 scheme, we still employed
Eq. (49), although it was only proved for second-order accu-
rate schemes in Ref. 20. In Fig. 7, the density and Mach
number contours obtained using UNO3 at some instant are
shown for a shock Mach number M, = 2.81. A comparison
with an experimental schlieren picturé has been made in Ref.
27 and will not be repeated here. Excellent agreement is found
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8.0

6.0
|
o

DENSITY
4.0

S o—————
S o

T T
0.0 0.2 0.4 0.8 0.8 1.0

Fig. 5 Solution of one-dimensional interacting blast waves, TVD3
scheme.

=

DENSITY
4.0

Fig. 6 Solution of one-dimensional interacting blast waves, UNO3
scheme.

in nearly every aspect, except for some viscous effects not
accounted for by the Euler equations.

The aforementioned numerical experiments demonstrate
the capability of the present explicit ENO scheme for time-de-
pendent problems; the quality is quite good. Next we consider
a steady-state aerodynamic problem using the implicit ENO
scheme.

Transonic Flow over a Circular Arc

We consider an internal two-dimensional transonic flow
through a parallel channel having a 4.2% thick circular arc at



OCTOBER 1991

THIRD-ORDER NONOSCILLATORY EULER EQUATIONS

b) Mach number contours

Fig. 7 Computed solution by UNO3 for shock reflection by a cylin-

der at M; =2.81.
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the lower wall. The ratio of static downstream pressure to
total pressure is 0.623512, corresponding to M., = 0.85 in the
isentropic flow. In Figs. 8, 9, and 10, the entropy and the C,
distributions at the lower surface for the alternating direction
implicit solution with TVD2, ENO2, and UNO3 schemes are
shown. It is noted that all three schemes achieve almost the
same quality of results. The TVD2 and ENO2 results were
computed with Courant-Friedrichs-Lewy (CFL) number 7 for
600 steps, and the ENO3 results were obtained with CFL = 4
for 1050 steps. The lower Courant number used for UNO3
may be attributed to the dependence on the time step.

For the 85 x 21 grid system used, the CPU time required for
the TVD2 implicit methods is 1.026 s per step on a Convex C-1
computer, and it takes 1.043 s for the ENO2 scheme and 1.13
s for the UNO3 scheme.

VII. Concluding Remarks

Two third-order (both in time and space) accurate nonoscil-
latory shock-capturing schemes have been developed for the
Euler equations. The schemes are obtained by applying the
first-order characteristic flux difference splitting scheme to an
appropriately modified flux vector. Both upstream interpola-
tion and ENO interpolation were employed. When there is no
limiting mechanism, the upstream interpolation using La-
grange’s formula and ENO interpolation using Newton di-
vided difference to yield high-order accuracy show very simi-
lar nature. The upstream interpolation uses Lax-Wendroff
type expansion procedure, but the ENO interpolation intrinsi-
cally uses a moving stencil and hence has a very different
underlying design principle. Implicit schemes are also de-
scribed for two-dimensional Euler equations in general curvi-
linear coordinates. Numerical results from steady and un-
steady gasdynamical problems with strong shocks demon-
strate their robust stability and high resolution of flowfields.
We recommend the explicit UNO3 scheme for simulating
time-dependent problems. Further improvement to remove
the time-step dependence of the steady-state solutions of the
present implicit scheme is warranted.
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